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Abstract 


The main goal of this paper is to study the properties of symbolic 5-plithogenic matrices and symbolic 6- 
plithogenic matrices with real entries, where an algebraic view of their properties and relations will be presented 
and discussed. Also, we present many theorems that concern the computing of their eigenvalues and 
eigenvectors and their connection with classical ordinary matrices. Many related examples will be provided to 
clarify the validity of our work. 


Keywords: symbolic 5-plithogenic matrix; symbolic 6-plithogenic matrix; symbolic plithogenic eigenvalue; 
symbolic plithogenic eigenvector. 


1. Introduction 
Generalizing classical matrices into many new numerical systems was applied by many authors, where we can 
find the building of neutrosophic matrices [1], refined matrices [2], and split-complex matrices [3]. 
The connections between these generalizations and the classical systems of matrices were handled by many 
authors. For example, the problem of diagonalization [4], the Invertibility [5], and their applications in linear 
functions [6]. 
In [7], the concept of symbolic n-plithogenic algebraic structures was proposed by Smarandache, then it was 
used on a wide range by many researchers to generalize classical algebraic structures such as modules [8], spaces 
[9-10], equations [11], and number theory [12-13]. 
In [14], the concept of symbolic 2-plithogenic matrices was presented with many applications in the theory of 
algebraic equations and representing functions. Laterally, symbolic 3-plithogenic matrices and 4-plithogenic 
matrices were studied from many algebraic sides, especially those which are related to the diagonalization 
problem [15]. 
This has motivated us to define and study for the first time the symbolic 5-plithogenic square matrices and 
symbolic 6-plithogenic matrices. We present many effective algorithms for computing determinants, 
Invertibility, and eigenvalues. 
For basic definitions about symbolic 2-plithogenic, 3-plihogenic, and 4-plithogenic square matrices, see [14-15]. 
Main Discussion 
Definition: 
The square symbolic 5-plithogenic matrix is defined as follows: 
A= Ay + X71 AP; 3 (Ad nxn is square matrix of real entries. 
Example. 
Consider the symbolic 5-plithogenic matrix: 


a=( ytG a+ Set (4 at y+ (1, Ea 


Definition. 
Let A = Ay + 93, A;P; be a symbolic 5-plithogenic matrix of size n x n, hence: 
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1 2 1 
det A = det(A,) + |det (> 4 — det(Ay)| P, + | det (> 4’ — det (> 4 P, 
i=0 i=0 i=0 
3 2 4 3 
+|det (> 4 — det (> a Pz + |det > 4 — det (> 4 P, 
i=0 i=0 i=0 i=0 
5 4 
+|det (> a — det (> 4 Ps 
i=0 i=0 


Theorem1. 
Let A = Ay + 7.1 4;P; be a symbolic 5-plithogenic matrix of size n x n, hence: 
1. A is invertible if and only if det A is an invertible symbolic 5-plithogenic number. 
2, At=Ag*+[Qizo4i* — Ao “|P: + [ho Ad * — D0 AD *)P2 + [1 Ad* - 
(D2 AD Ps + [OL Ad? — Ro ADAP + [(DE1 4s) — Oo Ad] Ps 
Definition. 
Let t = t) + ¥3_,t;P; be a symbolic 5-plithogenic real number and A = Ay + ¥7_, 4;P; be a symbolic 5- 
plithogenic square real matrix, then t is called symbolic 5-plithogenic eigen values if and only if AX = tx. 
X is called symbolic 5-plithogenic eigen vector. 
Theorem2. 
Let t=t)+ ye t;P; €5 —SPpr, X =Xy+ ye, XP; be a symbolic 5-plithogeni real vector, then t is eigen 
value of A = Ag + ¥3_, A;P; with X as the corresponding eigen vector if and only if: 
a t; is eigen value of TA: with Y X; as eigen vector with 0 <j <5. 


Theorem3. 
1 mt 2 7 1 n 3 n 2 n 
A° =A," +P, (4 — Ao” + (4 -(Ya) Py + (4) -( a P3 
i=0 i=0 i=0 i=1 i=0 
4 Le 3 n 5 ke 4 us 
[8)-G)P184)-Cp 
i=1 i=0 i=1 i=0 
Theorem4. 
Let A = Ay + ¥3_, A;P; be a square 5-plithogenic invertible real matrix, then: 
1). det(A~t) = (det A)? 
2). det A* = det A 
3). det(A.B) = det A.det B; B = By + ¥7_, BP. 
Definition. 
Let A = Ay + ¥}_, A;P; be a symbolic 5-plithogenic real square matrix, then: 
A is called orthogonal if and only if Ab = A7?. 
TheoremS. 
A is orthogonal if and only if ya ; 0 <j <5 is orthogonal. 
Definition. 
Let A = Ay + ¥?_, AjP; be a symbolic 5-plithogenic complex square matrix, then A is called Hermit matrix if 
A* = (4) =A. 
Theorem6. 
A is Hermit matrix if and only if ae A,; 0 <j <5 is Hermit matrix. 
Proof of theorem1. 


1). Let A = Ay + ¥3_, A;P;, then A is invertible if and only if there exists B = By + ¥:?_, B;P; such that: 
AXA = Unyn, hence: 
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AoBo = Unxn 
1 1. 
Yt >, Bi — AoBo = Onxn 
i=0 i=0 
2 2 di: 1 
Yc) Bi) ALY. Bi = Onxn 
i=0 i=0 i=0 t=0 
3 3 2 2 
Ar) Bi- Ar) Bi = Onn 
i=0 i=0 1=0 i=0 
4 4 3 3 
Ar) Bi- AL) Bi = Onxn 
i=0 i=0 i=0 i=0 


i=0 i=0 i=0 i=0 
This implies that: 
AoBo = Unxn 


Hence det(X/_, Ai) # 0 forall 1 <j <5, so that det(A) is invertible in 5 — SP. 
2). It holds directly from the previous statement as follows: 


yy B= (x! A;) for 1<j<5,h : 
i=0 7i — i=o 44i SJ S$ 9, hence: 


A1=A,‘*+P, (> a) —A,*|+ (> a) - (> a) P, + (> 4 - (> a P, 


i=0 i=0 i=0 i=1 i=0 
4 -1 3 -1 5 -1 4 -1 
[E)-G+) [E9)-E) 
i=1 i=0 i=1 i=0 
Proof of theorem2. 


It is clear that t is an eigen value of A with X as an eigen vector if and only if: 
A.X = t.X, which is equivalent to: 
AoXo = toXo 


j j j i) 

;1<j<5 
yi 4i> X =y ay x 
i=0 i=0 i=0 i=0 


Which is equivalent to the following statement: 


Die ti is an eigen value of ye A; with Yoh as an eigen vector for all1 <j <5. 

Proof of theorem3. 

It holds directly as a special case of natural powers in symbolic 5-plithogenic rings, see [ ]. 

Proof of theorem4. 

1). detA+ = det(Ay *) + P,[det(Xi-p Ai) + — det(Ay *)| + [det (2.9 Ai) * — det(Diey Ai) 1) Pp + 
_ _ o 2 -1 

[det (d}_1 Aj) es det ()ij_ Ai) 3 + [det (Yi_, Ai) = det()ij_ Aj) TP, + [det (a8, Ad) _ 

det(SfoAi)"*] Ps = (deta). 

2). AE = Ao’ + Ay*P, + Ap’ P2 + Ag’ P3 + Ay’ Py + As’ Ps. 


10 
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detA‘ = det(A,‘) + |det » AS 


i=0 


— det(Ay') 


Py 
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2 3 
+ | det (SA ‘)- det (Ya ” +on(> a')- aet(Y) a) P, 
i=0 i=0 i= i=0 
5 4 
+ | det (Ya ‘)- det (> a))p 
i=0 i=0 
1 2 1 
= det(Ay) + |det (> ai) det(Ay)| P, + |det (4 )- ap) a P, 
i=0 t=0 i=0 
3 2 4 3 
+ fact(Y" 4.) —aee{ Ya} s+ [aer( Sa.) ~aet( Yas) 
i=0 i=0 i=0 i=0 
5 4 
+ | det (> 4 - er( a P; = detA 
i=0 i=0 
3). we have: 
a = ApBo + [Nixo Ai Dizo Bi — AoBol Pi + [Lizo Ai Dio Bi — Xixo Aj Di=o BilPz + Dio Ai Lixo Bi 


gee 0 BP; + DL o Ai Dig 0 Bi - ye 0 Ai pe =0 Bi|Py + [2 0 Ai Li-o Bi - = oAi ye 9 Bi|Ps. 
aera B) = det(ApBo) + [det Mio Ai Vico Bi) — det (Ao Bo) IP, + [det(s? 9 Ai Dzeo Bi) — 
det (Yio Ai Lino Bi) Po + [det (Qin Ai Lixo Bi) — det Lixo Ai Lixo Bi) |P3 + [det ike Ai Lixo BD — 


det (dj Aj Di-o B;)|Py + [det(y>_ Ai Do, B;) — det (SA; Dieo B,)|Ps = det(Ay)det(By) + 
[det(d)_, Ai): det(S!_, B,) — det(S/=} Aj_1). det(X/=1 B,_1)|P; = det(A)det(B);1 <j <5. 
Proof of theorem5. 
A is orthogonal if and only if A‘ = A™*, hence: 
Ag’ + D221 Ai’ P; = Ao * + [Dio 4d) * pce [Mio Ai a 2 of) “Py + 1GiaAd = 
(Sho Ai) *1Ps + (1 Ad? — ho APs + (ZEA) — ko Ai 1}, thus 

Ag’ =A," 


5 
As! = wl 
0 


This mpc tha 


34) 
3) 
6 
8 


Ay =A 
Dizo4i = (Lio Ai)* 
feoAi = (Lio Ai) * fess e - 
, So that our proof is complete. 
Dio Ai = (Lo Ai)* 
imo "= (Liko Ai) * 
= raga "a 
Theorem6 can be proven by a similar argument of theorem5. 
Example. 


Consider the symbolic 5-plithogenic real 2 x 2 matrix: 
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Po ae ee ed 
~\1+4P,—P,+2P;—6P,+4P, 1+2P,—P;—3P,+4Ps 


= D+G date e+ A)etCe )a+(G 4) 
3 


1 2 
Ao = (4 1), 41 = Ao + As = (3 py At = Ao + Ar +42 = (1 a. ahaa Ae hid tol, 


i=0 4 i=0 i=0 
=(° 2D A= Ao tar + Ae + Aa +44 = (4, =D A= (2 >) 


On the other hand, we have: 
5 


det(A,) = 1, det (> 4 = 1,det (> a = 1, det (> 4 = 1, er( 


i=0 0 i=0 
Hence )'/_, A; is invertible for all 0 < j <5, thus A is invertible. 
-1 -1 


w=, DS) = DS) =, BSA) 


i=0 i=0 


We have: 


aa 


M)= 

> 
ea eee 

Il 

| 

ee 

Qa 

oO 

co 
— 


This means that: 
-+_f1 -1 0 O 2 -1 -1 -1 -1 4 2 -6 
= Ge 2 el Pt oe: 4 )Pa+( 0 ys 6 ) Ps 
a eRe eae: —1-—P, —P;+4P, — 6P. ) 
~ —1—-—P, +P, —2P3 + 2P; 2+ P, —2P, + 4P3 —9P, + 6P; 
Example on theorem2. 
Consider the matrix: 
fe ee P, — P, + P, — Ps ) 
_ P, — Pz + 3P3 — 3P, + Ps 3 — P, + Pp, — 2P3 + 2P, — Ps 
_(2 0 -1 O 3 1 -5 -1 3 1 —-4 -1 
= a) lg. yee ae 3 ~2) Ps +(2 oat (G" @4)?s 
The eigen values of Ag are {2,3}, with the following eigen vectors{Xq = (1,0), X) = (0,1)}. 
The eigen values of ))}_, A; are {1,2}, with the following eigen vectors{X, =(1,—1).x,= (0,1)}. 
The eigen values of )'7_, A; are {4,3}, with the following eigen vectors{X> =(1,0),x, = G, -1}. 
The eigen values of 3, A; are {—1,1}, with the following eigen vectors{ X53 = cy — =) Pe (0,1)}. 
The eigen values of 4, A; are {2,3}, with the following eigen vectors{X4 =(1,0),%, = (1,1)}. 
The eigen values of )}?_, A; are {—2,2}, with the following eigen vectors{ X5 = (1, - =) Aes (1,4)}. 
We get that A has 2° eigen values. 
For example: 
t=2+0-2)P,4+(4-1)P,+(-1-4)P,+(24+1)2,+ (-2-2)P, =2-—P,+3P, —5P3;+3P, —4P, 
Is an eigenvalue of A with the following eigen value vector: 


Xo = (1,0) + [(,-1) — (1,0)]P, + (4,0) — 1, -1)]P, + (1 -3) = (1,0)| a [<a.0) 7 (1 -3) Ps 


1 
+[(2-3)- a0]. 
1 3 1 

= (1,0)+(0,-1)P, + OL), + (0-5) Ps + (05) P+ (0-5) Ps 
Another eigen value is: 
to =2+(2-3)P, +3 -2)P,+(1-3)P3+(3-1)h+(2—-3)P; =3—P, +P, —2P3+2P, —P; 
With the following eigen vector: 
X, = (0,1) + [(0,1) — (0,1)]P, + [4,-1) — (0,1) ]P, + [(0,1) — (1, -1)]P3 + [4,1 — (0,1) ]P, 

+ [(1,4) — G,D)]P5 = (0,1)+(0,0)P, + (1, -2)P, + (—1,2)P3 + (1,0)P, + (0,3) Ps 


12 
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Example on theorem4. 
Consider: 
Fi 2—P,+3P, —5P3+ 3P, — 4P; Py — P3 + Py — Ps 
=( P, — P, + 3P, — 3P, + P; ina Boe cones) 


=6 dt at, DatG Dat datG! oy) 


det(A,) = 6, det (> a = 2,det (> a.)= = 12,det (> a = -1, oa(Y ai)=6 0) “4 =—-4 


1=0 i=0 1=0 

detA = 6+ (2—6)P, + (12 —2)P, + (—1—12)P3 + (6+1)P, + (-4- 6)Ps 
=6-—4P, + 10P, — 13P; + 7P, — 10P; 
= 1 1 1 i). 4 1 a 5 

(deta)? = =+ (5+) P, + (4-*)p, + (-1-4) Pm) + (E41), + (2-4) P, = 2427, -S Py, - 
=P, +=P,— =P = deta, 
Symbolic 6-plithogenic matrices 
Definition: 
The square symbolic 6-plithogenic matrix is defined as follows: 
A= Ay + XP, AiP; 3 (Ad nxn is square matrix of real entries. 
Example. 
Consider the symbolic 6-plithogenic matrix: 


A=(5 eG at yet(A e+G P+ (4 “Pt 25) Pe 


Definition. 
Let A = Ay + ¥:&, A;P; be a symbolic 6-plithogenic matrix of size n x n, hence: 


1 2 1 
det A = det(A,) + |det (> 4 — det(A)| P, + | det oy, )- det 6 4 P, 
i=0 i=0 i=0 
3 2 4 3 
+|det (> 4 — det (> 4 P; + |det (> 4 — det (> a Py 
i=0 i=0 i=0 i=0 
5 4 6 5 
+|det > 4 — det (> a P; + |det (> 4 = cer( a Pz 
i=0 i=0 i=0 i=0 


Theoreml1. 
Let A = Ay + ¥&, A;P; be a symbolic 6-plithogenic matrix of size n x n, hence: 
1. A is invertible if and only if det A is an invertible symbolic 6-plithogenic number. 
2. Ata dAy + |(Oipeodd” —Ac [A+ (Oio4td °— Gea) Je + (Oia = 
= -1 = 
(D2. AD Ps + (L147? — Do ADT + [(DE1 Ad) — A] Ps + [OE Ad - 


(Dio Ai) | |P 
Definition. 
Let t =t) + 0%, t,P; be a symbolic 6-plithogenic real number and A = Ay + ¥°_, A;P; be a symbolic 6- 
plithogenic square real matrix, then t is called symbolic 6-plithogenic eigen values if and only if AX = tx. 
X is called symbolic 6-plithogenic eigenvector. 
Theorem2. 
Let t = ty) + 0, t,;P; € 6 —SPp, X =X) + Ye, X;P; be a symbolic 6-plithogeni real vector, then t is eigen 
value of A = Ay + U:°, A;P; with X as the corresponding eigen vector if and only if: 
Die ti is eigen value of Y/_, A; with Y}_, X; as eigen vector with 0 <j <6. 


Theorem3. 
1 n 2 a 1 n 3 ue 2 ut 

A” = A,” + P, (> 4 — Ay” + (4) -(Ya) P, + (4) -() P3 

i=0 i=0 i=0 i=1 i=0 

4 n 3 n 5 n 4 n n 5 n 
: (> 4 : » 4 ve (4) : (4) Pe + ( a : (d4) P, 
i=1 i=0 i=1 i=0 i=1 i=0 

Theorem4. 


Let A = Ay + ¥:°_, A;P; be a square 6-plithogenic invertible real matrix, then: 
1). det(A~t) = (det A)+ 
2). det AS = det A 
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3). det(A.B) = detA.detB;B = By + X2_, BP. 
Definition. 
Let A = Ap + 2, AjP; be a symbolic 6-plithogenic real square matrix, then: 
A is called orthogonal if and only if Ab = A7}. 
TheoremS. 
A is orthogonal if and only if yA ; 0 <j < 6is orthogonal. 
Definition. 
Let A = Ay + ©, A;P; be a symbolic 5-plithogenic complex square matrix, then A is called Hermit matrix if 
A* = (Ay =A. 
Theorem6. 
A is Hermit matrix if and only if ee A;; 0 <j < 6 is Hermit matrix. 
Proof of theorem1. 
1). Let A = Ap + X1°_, A;P;, then A is invertible if and only if there exists B = By + Y:°_, B;P; such that: 
AXA = Unyn, hence: 
ApBo = Unxn 


t=0 t=0 
2 2 1 ih 
; A; , B; ~ ; A; : B; = Onn 
i=0 i=0 i=0 i=0 
3 3 2 2 

A; B; _ A; B; = Onxn 
i=0 t=0 i=0 i=0 
4 3 3 


i=0 i=0 i=0 i=0 
5 5 4 4 
A; B- > A) Bi = Onxn 
i=0 i=0 i=0 i=0 
6 6 5 5 
Yi 4c) Bi DALY. Bi = Onxn 
t=0 i=0 i=0 i=0 
This implies that: 
Ap Bo = Unxn 
j j 
1 <j< 6 
A; > B; = Unxn 
i=0 i=0 


Hence det(Y/_, Ai) # 0 forall 1 <j < 6, so that det(A) is invertible in 6 — SPp. 
2). It holds directly from the previous statement as follows: 


1-9 By = (S75 Ai) for 1 <j < 6, hence: 


At=A,*+Py (Sa) a0 + (da) -(Ya) Py + (ya) -(ya) Ps 


i=0 i=0 


Proof of theorem2. 
It is clear that t is an eigen value of A with X as an eigen vector if and only if: 
A.X = t.X, which is equivalent to: 


ApXo = toXo 
j j j j 
ee Ee 
Aj Xi = >; t; Xi 
i=0 i=0 i=0 i=0 
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Which is equivalent to the following statement: 

Die ti is an eigen value of Y/_, Aj with Y/_, X; as an eigen vector for all 1 <j < 6. 

Proof of theorem3. 

It holds directly as a special case of natural powers in symbolic 6-plithogenic rings. 

Proof of theorem4. 

1). detA~ = det(Ay*) + P,[det Xio Ai) + — det(Ay *)| + [det X29 Ai) — det(Lizp Ad 11 Pp + 

[det (X34 Ai)? — det(X2.9 Ai)-*1Ps + [det(Dfy Ai"? — det(Z2o AP, + [det(O81 Ai) - 

det Zio) *| P; + [det Ad - det(ZinoA) ‘| Pz = (detA)"". 

2). At = Ay’ + Ay'P, + Ap‘ Py ee P3 + AP, + As‘ Ps + Ag’ Po. 

detA‘ = det(Ay!) + [det(DiLy Ai) — det(Ao‘)|P, + [det(X?_, Ai") — det(Yig Ai) |P, + [det(X32., Ai‘) — 

det(Y2.y Ai’) |Ps + [det(Xhio Ai’) — det(Xhio Ai’) Px + [det (jp Ai’) — det (LiLo Ai’) |Ps + 

[det(Xo_ A;‘) — det (Y}-o Ai‘) |P_ = det(Ay) + [det(XLy Aj) — det(Ay)]P, + [det(X?_y Ay) — 

det(Niz0 Ai)]P2 + + [det(d} =0 Ai) — det(Y7. =o Aj) ]P3 + [det(di7. p44) = det(7. =o Aj) | Py + [det( 5. Ai) = 

det(Yjio Ai)|Ps + [det(Xf_o A;) — det(Y7-p Ai) |Ps = det. 

3). we have: 

A.B = ApBo + [Xi=o Ai Di=o Bi — AoBol Py + [Xi=o Ai Dio Bi — Li=o Ai Di=o BilP2 + [Di=o Ai Di=o Bi 
fo Ai Dizo BilP3 + [Vio Ai Dizo Bi — Lixo Ai Vixo Bila + ba Ai DP-o Bi — Vito Ai Diko B;|Ps ae 

[ fo Aj Lio Bi a 7-0 Ai Dizo Bi] Po- 

det(A.B) = det(AyBo) + [det (Yio Ai Lixo Bi) — en [det (Lio Ai Lixo Bi) — 

det (Yi-o Ai Dizo Bi)|P2 + [det ino Ai Lixo Bi) — det Xiao Ai Lixo Bi) |P3 + [det Dio Ai Lixo Bi) — 

det (Dig Ai Lixo Bil, + [det (Dio Ai Diego Bi) — det (Xt ae Dito Bi)|Ps + [det Oo Ai Deg Bi) — 

det (X?_9 A; Y3_y B;)|Ps = det(Ay)det (Bo) + [det (X/_, Ai). det(d/_, Bi) — 

det(¥/7} Aj_1).det(Y/77 B;_,)|P, = det(A)det(B);1 <j <6. 

Proof of theorem5. 

A is orthogonal if and only if AS = A~?, hence: 


Ao: + Df i Pi = Ao + [izo Ad” ee ie =0 Ai” repay ler Oa? = 


(2A NPs + [0k A? - (ho , + [RL * — Oy Ad] Ps + [OAD 
(Dio Ai) "| Po. thus: 
Ag = Ap 


This implies that: 
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Ag = Ay * 
LizoA: = (Lizo Ai) 
Ro Ai = (Do Ai? 
oA = (Zico Aj)~*, so that our proof is complete. 
oA: = (oA 


-1 
ay Ait -_ xa Ai) 
poe = (P4 Ai)* 


Theorem6 can be proven by a similar argument of theoremS. 


5. Conclusion 
In this paper, we have studied for the first time the square symbolic 5-plithogenic and 6-plithogenic matrices, 
where we have present many effective algorithms for computing determinants, Invertibility, and eigenvalues. 
As a future research direction, we aim to study the diagonalization problem and the representation problem of 
symbolic 5-plithogenic and symbolic 6-plithogenic matrices. 
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